EXPANSION IN GRAPHS AND
GRAPH LIMITS

A THESIS
submitted in partial fulfillment of the requirements

for the award of the degree of

Master of Science
i

MATHEMATICS

by

POKHARANAKAR MUGDHA MAHESH

(220403)

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF SCIENCE EDUCATION AND
RESEARCH BHOPAL
BHOPAL - 462066

April 2025



HIR 1T farsiret 191811 ed sfofAeITe] J-ellol HIUTcl

Indian Institute of Science Education and Research

Bhopal
(Estb. By MHRD, Govt. of India)

CERTIFICATE

This is to certify that Pokharanakar Mugdha Mahesh, Integrated
Ph.D. student in the Department of Mathematics, has completed bonafide
work on the thesis entitled ‘Expansion in Graphs and Graph Limits’

under my supervision and guidance.

April 2025 Dr. Jyoti Prakash Saha
IISER Bhopal

Committee Member Signature Date




ii

ACADEMIC INTEGRITY AND
COPYRIGHT DISCLAIMER

I hereby declare that this project is my own work and, to the best of
my knowledge, it contains no materials previously published or written by
another person, or substantial proportions of material which have been ac-
cepted for the award of any other degree or diploma at IISER Bhopal or any
other educational institution, except where due acknowledgement is made in
the document.

I certify that all copyrighted material incorporated into this document is
in compliance with the Indian Copyright (Amendment) Act (2012) and that
I have received written permission from the copyright owners for my use of
their work, which is beyond the scope of the law. I agree to indemnify and
save harmless I[ISER Bhopal from any and all claims that may be asserted

or that may arise from any copyright violation.

April 2025 Pokharanakar Mugdha Mahesh
IISER Bhopal



iii

ACKNOWLEDGEMENT

I would like to thank all my teachers since my school days, especially, Dr.
Swapnaja Mohite, who introduced me to the world of science and scientific
research, and Dr. Rajeev Sapre, with whom I used to discuss mathematics
during my highschool and undergraduate days, and who helped me to find
my passion for mathematics. Also, I got to learn a lot from teachers and
peers in the MTTS programs. I am thankful to them.

At IISER Bhopal, I could study various courses under the guidance of
wonderful teachers. I am grateful to Dr. Atreyee Bhattacharya, Dr. Dheeraj
Kulkarni, Dr. Prahlad Vaidyanathan, Dr. Rahul Garg, and Dr. Rohit Holkar
for their valuable advices and moral support, especially during my first year
at IISER Bhopal. Dr. Jyoti Prakash Saha introduced me to representation
theory of finite groups and additive combinatorics in the summer of 2023.
I did a reading course in graph theory under his guidance during the sec-
ond semester of the academic year 2023-2024. Dr. Kartick Adhikari, Dr.
Shashank Singh, and Asrafunnesa also attended my presentations. I thank
them for their useful comments during the presentations. This course helped
me in developing my interest in graph theory, and preparing myself for the
MS thesis.

It is a pleasure to express my gratitude to my thesis supervisor Dr. Jyoti
Prakash Saha, for his guidance, immense support and encouragement. I am
grateful to him for having a number of extensive and very useful discussions,
and listening even to my naive ideas patiently. Also, I thank the other thesis
evaluation committe members Dr. Kartick Adhikari and Dr. Rahul Garg for
their support.

I also appreciate the staff of the department of Mathematics for their
help. T acknowledge the fellowship for the integrated Ph.D. program from
I[ISER Bhopal.

I am thankful to my friends Aditi, Asrafunnesa, Chhavi, Dev, Muktai,
Nishtha, Omkar, Shraddha, Swastika, and others for helping and supporting



iv

me whenever needed.

I am lucky to have family members who cultivated the habit of self-study
in me, and who always inspire me to keep working hard to acquire knowledge,
through their action. I am deeply indebted to them for being with me in every
situation, helping me in all possible ways, and encouraging me to reach new
heights.

Pokharanakar Mugdha Mahesh



ABSTRACT

The discrete Cheeger-Buser inequality was established for graphs by
Dodziuk, Alon and Milman. It states that the combinatorial expansion
in graphs is equivalent to the (one-sided) spectral expansion, that is, the
Cheeger constant of a graph and the gap between the two smallest eigenval-
ues of the Laplacian of the graph control each other. The analogous inequal-
ity, called the dual Cheeger—Buser inequality, relating the bipartiteness ratio
(or the dual Cheeger constant) of a graph and the gap between 2 and the
largest eigenvalue of the Laplacian of the graph was obtained by Trevisan and
Bauer—Jost. We present its proof, following Trevisan’s ideas, in the first chap-
ter of the thesis. In the second chapter, we discuss the higher-order Cheeger
inequalities for regular graphs, based on the work of Lee, Oveis Gharan and
Trevisan. These inequalities give the relation between the k-way expansion
constant of a graph and the kth smallest eigenvalue of its Laplacian. The
case k = 2 corresponds to the discrete Cheeger-Buser inequality.

The theory of graph limits was developed by Lovész and his collaborators.
Recently, Khetan and Mj introduced the notion of Cheeger constant and the
Laplacian for graph limits, namely graphons and graphings, and extended
the discrete Cheeger-Buser inequality for graphs to these graph limits. We
define the bipartiteness ratio of graphons, and establish the dual Cheeger—
Buser inequality for graphons, in the last chapter. We also show that the
discrete Cheeger—Buser inequality for graphs can be recovered from it, upto

a multiplicative constant.
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1. THE DUAL CHEEGER-BUSER
INEQUALITY FOR GRAPHS

A discrete version of the Cheeger—Buser inequality on Riemmanian manifolds
was established for simple graphs by Dodziuk [Dod84], Alon-Milman [AMS85],
and Alon [Alo86]. It gives the following relation between the second smallest
eigenvalue \ of the Laplacian of a (finite undirected) graph and its Cheeger

constant h.

h2
ES)\SV%'

The Cheeger constant of a graph quantifies how “well-connected” the graph
is. It is well-known that A is zero if and only if the graph is not connected.
The discrete Cheeger—Buser inequality can be seen as a quantitative version
of this fact.

On the other hand, it is known that the largest eigenvalue of the Laplacian
of a graph is 2 if and only if the graph has a bipartite connected component.
Trevisan [Trel2] and Bauer—Jost [BJ13] defined the constants which measure
“bipartiteness” of a graph, namely, the bipartiteness ratio G(G) and the
dual Cheeger constant h of a graph G, respectively, and they related these
constants to the gap 2— A™** between 2 and the largest eigenvalue \™?* of the
Laplacian of a graph G. This relation is known as the dual Cheeger—Buser
inequality. We remark that Bauer and Jost used a technique developed by
Desai and Rao [DR94] in their work.

Here, we present Trevisan’s proof [Trel2] of the dual Cheeger—Buser in-
equality for weighted graphs. We have also referred to [Trel7, Chapter 6] for

some details in the proof.
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1.1 Preliminaries

Let V be a finite set with |[V| =n > 2. Let £2(V') denote the inner product
space of functions f: V' — R with the inner product

(f.9) = f(v)g(v),

veV

and the norm

LIV s= (S 1)

for all f,g € (V). For any subset A of V, we denote the characteristic
function of A by 14, and if A is the singleton set {a}, then we use the notation
1, to denote 14. Let T: (*(V) — (*(V) be a self-adjoint operator with
ayy = (T1,,1,) > 0 and d, = (T'ly,1,) > 0 for all u,v € V. Further, let
D: (2(V) — ¢2(V) denote the linear operator defined by (Df)(v) = d,f(v),
for all f € ¢*(V), and L denote the linear operator I — D~'/2T'D~/2 on
¢*(V'), where I denotes the identity operator on ¢2(V'). Note that L is a self-
adjoint operator, and hence, it has n real eigenvalues. We denote by A™®*,
the largest eigenvalue of L. Then, we have

)\max <Lf7 f>

B max

reevinioy (f, f)

and thus,

(I-L)[, f)
feeN (f )
_ ((I+D7'Y2TD= V) f, f)
= fe\o) (f, )
' <(I + DV2T DY) (DY), D1/2f>
e\ (D\2f, DV2 )
‘ <D1/2(I+D_1/2TD_1/2)D1/2f,f>
= e\ (Df, f)
min (DPED )
ree(\y  (Df, f)

9 _ \max _

(1.1)
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that is,
9 _ \max _ min ZUEV dvf(l})2 + Zu,ve\/ auvf(u)f(v)
FeR(V)\{0) > ey duf(0)?
Zu,vEV auv(f(u) + f(’U))2

= min . 1.2
Fe(V)\{o} 23 per dof(v)? (12)

Definition 1.1 (Bipartiteness ratio). Given any linear operator T': ¢*(V') —
(%(V) as above, the bipartiteness ratio B of T is defined by

_ (D+T)Y,¢)
Pr = U V£n>{1£ll,0,1} 2(D,p)
»#0
Note that
: Zu veV Oy W(U)Q + w(u)w(fl}))
B ’ 1.3
Br ¥: V%li%,m} 2 ZUEV dy1h(v)? (1.3)
2
_ o 2wy Gw($(0) +¥()° (14)

gV {-1,01 4 d, 2
¥V {101) > vev At (v)

1.2 The dual Cheeger—Buser inequality for
graphs

Theorem 1.2 (The dual Cheeger—Buser inequality for graphs). For every
linear operator T': (*(V) — (2(V') as above, the inequality

/372—' max
7§2—>\ <207

holds.

We will use the following lemma in the proof of the above theorem.

Lemma 1.3. Let (2, A, 1) be a measure space with p(2) > 0, and f: Q —
R, g:  — (0, 00) be integrable functions. Then there exists an z( € §2 such
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that
fla) _ Jo ) dp(a)
9(x0) = [q9(x)du(z)

Proof. Since the function g takes only positive values and p(€2) > 0, we have
Jo 9(x) dp(x) > 0. Further, note that

LW N
/ (f(rc) RTGTITOR >) dp(z) = 0. (1.5)

If f(z) — %g(aﬂ is positive for all z, then its integration over 2 is
Q

positive, as p(2) is positive, which contradicts Eq. ([1.5)). Hence, there is an

2o € Q such that

Flag) — 2@ WD) oy

Jo 9(x) du(z)

f(z0) _ Jo f(x)du(z)
g(xo) = [qg(z)du(z)

8

that is

]

Proof of Theorem[1.9. The inequality 2 — A™™ < 257 follows immediately
from Eq. and the definition of Br. To get the other inequality, thanks
to Eq. and Eq. , it suffices to show that given any nonzero function
f:V — R, there is a nonzero function ¢: V' — {—1,0,1} such that

ey Gw(V0P +UWY0) _ [ Sy w0 + @) (1.6)
2 ZUEV dv¢<v)2 N Z’UGV dvf(l)>2 ' ’

Let f: V — R be a nonzero function, and M denote the positive number
maxyey | f(v)]. For every 0 <t < M, define the function ¢;: V' — {—1,0, 1}
by

1 if fv) < 1,
() =40 if —t< f(v) <t,
1 if f(v) > t.

For all 0 < ¢t < M, note that the function v is nonzero. We will show using
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Lemma that Eq. (1.6) is satisfied by ¢ = 1}y, for some 0 <ty < M.
Observe that

|2t X a0l + vty

u,veV

= a””/o 2t (1 (v)? + Y (u)y (v)) dt

u,veV

M
= Y w2600+ ) de
u,veV 0
f(u)f(v)=0
[f()I<]f (V)]

M
b o [ 200+ (o) de
u,veV 0
f(w) f(v)>0
[f()I<]f ()]

Y [ 2M00P )

u,weV
J(w)f(v)<0
[f(@)|<]f ()]

M
Y o [ 20 () d
u,weV 0
f(w) f(v)<0
[f()]<]f(w)]

Let u,v be arbitrary elements of V. Consider the following cases.
Case 1: f(u)f(v) = 0and |f(u)] < [f(v)]

Suppose that 0 < f(u) < f(v).

o If 0 <t < f(u), then ¢y (u) = ¢ (v) = 1.

o If f(u) <t < f(v), then ¥(u) = 0 and Yy (v) = 1.

o If t > f(v), then ¢y (u) = ¢ (v) = 0.

So, we have

f()

M f(u)
/ 2(1hi(v)? + i (u)i(v)) dt = / 4t dt + / ot dt
0 0 f(u)

=2f(w)* + f(v)* = f(w)*
= f(u)* + f(v)".
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Now, suppose that f(v) < f(u) < 0.
o If 0 <t < —f(u), then ¢y(u) = ¢(v) = —1.

o If —f(u) <t < —f(v), then ¢4(u) = 0 and Y (v) = —1.
o If t > —f(v), then ¥y (u) = ¢ (v) = 0.

Thus, here also, we get

A 26y (0)? + ()i (0)) At = F(u)? + f(0)2)

Case 2: f(u)f(v) =2 0 and |f(v)] < |f(u)]

Using the arguments similar to those in the above case, we obtain

M [f(v)]
|2t s twnoyar = [ avar =20

Case 3: f(u)f(v) <0and [f(u)] < |f(v)]

Suppose that f(u) <0 < f(v).

o If 0 <t < —f(u), then ¢y(u) = —1 and 14(v) = 1.
o If —f(u) <t < f(v), then ¥y(u) = 0 and ¢, (v) = 1.
o Ift > f(v), then ¥y (u) = ¢4 (v) = 0.

So, we have

f()

A %wm¥+¢mmmwﬁu=/?)%wszf—ﬂM?

Now, suppose that f(v) <0 < f(u).

o If 0 <t < f(u), then ¢(u) =1 and ¥y (v) = —1.

o If f(u) <t < —f(v), then ¢4(u) = 0 and ¥, (v) = —1.
o If t > —f(v), then ¥y (u) = ¢(v) = 0.

Thus, here also, we get

A 20t (0)? + () (0)) dt = F(0)° — F(u)?.

Case 4: f(u)f(v) < 0 and |f(v)] < | f(u)]

Using the arguments similar to those in the above case, note that v;(v)? +

Ye(u)(v) =0, forall 0 < t < M.
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Hence, we have

|2t X ) + vty

u,veV

= Y af@PH N+ Y 200 f(0)

u,veV u,veV

ol izl
+ Y aw(f(0)* = f(u)?)
u,veV
Foteir
< Y (@D Y aw | f@)? — f(0)?
F )20 F} oy
< Z Ao (f () + f(0))* + Z auv‘f(U)Q—f(U)2|
F )20 F )<
< D aw(f@w) + F))(f@)] + [ £(0)])
F 20
+ > awlf@) + F@)I1f(u) = ()]
F <o
< aw (W) + @) (f(w)]+ |f(0)])
u,veV
<D aw(flu) + f(v) > aw(|f(w)] + !f(v)|)2>
u,veV u,veV
<D aw(f(u) + f(v)? D aw(2f(u) + 2f(v)2)>
u, eV u, eV
<D aw(flu) + f(v)? 4y auvf(v)2>
u,veV u,veV

veV

= (Zauu(f(UHf(v))Q) (Zdvf(v)2> :
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Also, note that

= 2Zd1,f(v)2. (1.8)

veV

Now using the facts that d, is positive for all v € V' and the function v is
nonzero for all ¢ € (0, M], and combining (1.7)) with (1.8)) yield the inequality

S 2t Y v G (We(0)? + ()i (v)) d

)
f 2t - 2 ZUEV dytpy(v)2 dt
2 (Zu,ve\/ Qo (f (v))? (ZvEV )2)
2 ZUEV dU (
B <Eu,v€V Ay (f(u) + f(v))?
a )

(SIS
[N

@

D=

2 vey dof (v

Therefore, there exists a real number ¢y € (0, M] such that

Louwev Gus (Wi (0)” + Vg (Wt (V) _ (2 ver Gun(f () + f(0))° :
2 Zvev deto (U>2 N Z’UGV dvf<v)2 7

using Lemma [1.3| as desired.



2. HIGHER-ORDER CHEEGER
INEQUALITIES

We have discussed in Chapter (1| that the discrete Cheeger—Buser inequality
gives a relation between the second smallest eigenvalue of the Laplacian of
a graph and its Cheeger constant (also known as the edge expansion). Lee,
Oveis Gharan and Trevisan [LGT14] established an analog of this for other
eigenvalues of the Laplacian of a graph. As an analog of the Cheeger con-
stant of a graph G with vertex set V, they introduced the k-way expansion
constant, for every 1 < k < |V|. They proved that for every graph G with
vertex set V' and every 1 < k < |V, the inequality

Ak

5 < da(k) < O(K) VA

holds, where A, is the kth smallest eigenvalue of the Laplacian of G and
¢c(k) is its k-way expansion constant. This is a quantitative version of the
fact that the graph G has at least k connected components if and only if the
kth smallest eigenvalue of its Laplacian is 0.

The above bounds have been improved, and several generalizations of
the above inequality have been established. Also, various notions of expan-
sions and higher-order Cheeger inequalities for them have been studied. For
instance, see |[LGT14}Liul5, AL20,MMSV24].

Here we will prove a weaker bound than the above. In the following,
thinking of V' as the vertex set of a weighted regular graph, and T as its
adjacency matrix gives the higher-order Cheeger inequalities for weighted

regular graphs. The proof follows the ideas in Trevisan’s proof [Trel7].
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2.1 Preliminaries

Let V be a finite set with |[V| =n > 2. Let £2(V') denote the inner product
space of functions f: V' — R with the inner product

(f.9) = f(v)g(v),

veV

and the norm

LIV s= (S 1)

for all f,g € (3(V). Let T: ¢(*(V) — (3(V) be a self-adjoint operator with
Aup = (T1,,1,) > 0and (T1y,1,) =d > 0, for all u,v € V. Let L: (*(V) —
(*(V) denote the positive-semidefinite operator I — T, and

M <A<,

denote the eigenvalues of L. Using the Courant—Fischer min-max theorem,

for any 1 < k < n, we have

A\, = min max <Lf’f>.
w<ez(v) few\{oy (f,f)

k-dimensional

(2.1)

The quantity <<Lff}];> is called the Rayleigh quotient of f with respect to L.

We denote it by R.(f).
For any f € ¢*(V), observe that

(£1.5) =S en@iw =5 ((1-57) 1) wiw

- [f(u)2 - éZawf(v)f(U)]
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= é Z (auvf(U)2 — au f () f(u)),

u, eV

and hence, we have

(LF ) =5 3 (anf () — auf(0) ()

u,veV

= o S (@ (0 = 200 (0] (0) + 00 f ()

u,veV

= 0 3 () — ) (2.2)

u,veV

Definition 2.1 (k-way expansion constant). For every 1 < k < n and a
linear operator T': £2(V') — (*(V') as above, the k-way expansion constant of

T, denoted by ¢r(k), is defined by

k) = min max ¢(.5;),
or(k) = min  max ¢(S;)
S1,...,5k disjoint
where for any nonempty subset S of V', we denote by ¢(.S), the edge expansion

of S, which is defined as follows.

(Tlns, 1s)
S) = ——+—".
Note that ¢r(1) = 0, and ¢ (2) is the edge Cheeger constant of T.

Theorem 2.2. For any opertor T as above and 1 < k < n, the following

inequality holds.
A
7]6 < ¢r(k) < O(K*)V/ A

Note that the above inequality holds trivially for £ = 1, and the case

k = 2 is the well-known discrete Cheeger—Buser inequality.

2.2 Proof of the easy direction

Lemma 2.3. For any 1 < k < n, the inequality Ay < 2¢7(k) holds.
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Proof. Let Sy, ..., Sy be nonempty disjoint subsets of V' such that ¢r(k) =
max <<k ¢(5;). Let W = span{lg,,...,1g,}, which is a k-dimensional sub-
space of £2(V). We will show that the Rayleigh quotient of every nonzero
function in W is at most 2¢ (7)), so that we are done using Eq. (2.1).

For any 1 <1 < k, note that

<LIS¢7 ]'Sz'> _ <([ B éT) 151" 1Si>
<1S¢7 1Si> <1S¢7 1Si>
o <(dI - T>1Sm 151‘)
d|Si|
_ d’Sl’ — <T15i7 15¢>
d|Si|
<T1V7 1S¢> — <T15ﬂ 1S¢>
d|Si|
B (Thns;, 1s,)
N d| S|
= $(S:)
< ¢r(k).

RL<1Si) =

Then, the desired inequality follows from the following lemma using the facts
that for distinct ¢ and j, if f; and f; lie in the span of 15, and 1g,, respectively,
then the functions f; and f; are disjointly supported, and that the Rayleigh

quotients are invariant under scaling. O

Lemma 2.4. Let fy, fo, ..., fr € £2(V) be disjointly supported nonzero func-

tions. Then, we have the inequality

k
Ry (Z ﬂ) < 2 max Rr(fi).
=1 -

Proof. From Eq. (2.2)), it follows that

k

<L (Z fi) aZfi> = id Z Oy (Z(fz(u) - fz(@)) :

u,veV i=1

Let u,v € V be arbitrary. Since the functions fi,..., fi are disjointly
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supported, each of u and v is in the support of at most one of these functions.
That is, there exist indices j,,1, € {1,...,k} such that for any i # j,, we
have f;(u) =0 and for any i # [,, we have f;(v) = 0. Hence, we get

X 2
(Z(fi(u) - fi(v))> = (fi.(w) = fi,(v))*.
i=1
Now, if j, = [,, then the above equation implies that

<Z(fz(u) - f@(v))> Z(fl( fiv))? < 22 filu) = fi(v))7,

i=1

and if j, # [,, then

k 2
<Z<fi<u> - ﬁ(v») < 2(f, () + 23, (0)?
= 2((f, () = 0)* + (0 — fy,())*)
k
=2 (fiw) = )

Thus, once again using Eq. (2.2)), we obtain

<L(éf>éf>— dZawZ filw) = fi(

u,veV =1

2 S aulfilw) - fi(v))?

uUEV
= 22 (Lfi 1)
=1

Note that the functions fi,..., fx, being disjointly supported, are mutu-

ally orthogonal. So, we have

k

<Zfi,2fi> = Z(fi,m,
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implying that

b L 2521 fz 72?:1 fz " . f.
(Sr) -y R <

where the last inequality follows from the definition of the Rayleigh quo-

tients along with the fact that if aq, ..., a; are nonnegative real numbers and

bi, ..., b, are positive real numbers, then

so that

2.3 Proof of the difficult direction

Theorem 2.5. For any opertor T as above and 1 < k < n, the following
inequality holds.

or(k) < O(k**)\/ .

We will break the proof of Theorem [2.5]into several lemmas. Let us start
by introducing some useful notions.
By abuse of notation, we denote the Euclidean inner product and the

norm induced from it on R¥ also, by (-,-) and ||-||, respectively.
Given functions fi, fo, ..., fr € £3(V), define the function F': V — R* by

F(v) = (fi(v), fa(v), ..., fu(v)),

for all v € V', which induces the following pseudo-metric dist on V. For any
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u,v € V, define

|t — | 1 P, Fw) 0.

TEG)T — TF@T
dist(u,v) = 40 if F(u) = F(v) =0,

00 otherwise.

It is straightforward to check that this is indeed a pseudo-metric on V. Given

any element v of V' and a subset A of V, we define

dist(v, A) = min dist(v, u).

ueA

Also, we extend the notion of Rayleigh quotients for the functions taking
values in R¥. Given a function f: V' — R*, define the Rayleigh quotioent
Ry (f) of f with respect to L by

> ey @un [£(w) = £(0)°
20 ey [£()II°

RL(f) =

Now if fi, fa, ..., fx are unit vectors in £2(V'), then we get

> ey tuy ||F(w) = F(v)||”
24 ey [F ()]
ey G | F(u) = F(0)|?
2d Zvev Z1gi§k fi(v)?
ey G | F(u) = Fo)|*
N 2d21§i§k > ey fi(v)?

11 2
= %ﬁ o HF(U) - F(U)H (2'3)

u, eV

11 2
=S a3 ()~ £)

u,veV 1<i<k

1 1 2
LY LS an(hw) - £

1<i<k = upeV

Ry (F) =
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Using Eq. (2.2) and the fact that each f; has norm one, it follows that

1
Ry(F) =2 > Bu(f). (24)
1<i<k
Henceforth, we assume that the functions fi, fo, ..., fx, using which the

function F'is defined, are orthonormal.

2.3.1 Preparatory lemmas

We first state the lemmas that we will use, and come to their proofs later.

Lemma 2.6. For any u,v € V with F(u) # 0 and F(v) # 0, we have
[1E ()| dist(u,v) < 2[[F(u) = F(v)]

Lemma 2.7 (F “spreads out” vertices across R¥). Given any unit vector

w € R* we have

S (F(o),w)? = 1.

veV

Given any subset A of V, we call the quantity > . |F(v)||* the mass
of a set A. Note that the mass of the set V equals k. For a nonempty
subset R of the unit sphere in R¥, the diameter of R is given by diam(R) =
SUDy, e ||[W — z|| and the set V(R) is defined as
Fv)
V(R) = {UEV:F(U);AO,— ER}.
I1F ()]l

Lemma 2.8 (If R has “small” diameter, then V(R) has “small” mass). Any
nonempty subset R of the unit sphere in R¥, with diam(R) < /2, satisfies
the inequality

S IFWIP < (1 — %dz’am(R)Q) _2.

veV(R)
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Lemma 2.9 (Well-separated sets each with “small” mass, but “large” total
mass). There exist disjoint subsets T, ...,T,, of V satisfying the following

conditions.

(2) 22551 2 e,

(b) If u € T; and v € T; with ¢ # j, then dist(u,v) > Q(k™?),

F)II* >k~ 3.

(c) For every 1 <i<m, we have ) IF@)? <1+ 1

Lemma 2.10 (Well-separated sets each with “large” mass). There exist k

disjoint subsets Ay, ..., Ay of V satisfying the following conditions.

(a) For every 1 <i <k, we have ) _, | F(v)||> > 3,

(b) Ifu € A; and v € A; with ¢ # j, then dist(u,v) > Q(k™?).

Lemma 2.11 (Localization). Let Ay, ..., A; be subsets of V' such that for
every i € {1,...,t}, we have > | F(v)|]> > 1, and there is a real number
§ € (0,1] such that if v € A; and v € A; with ¢ # j, then dist(u,v) > 0.
Then there exist ¢ disjointly supported nonzero functions gi,..., g, € £?(V)
such that for every ¢ € {1,...,t}, the following inequality is satisfied.

Lemma 2.12. Let fi, ..., f be orthonormal functions in ¢*(V'). Then there
exist disjointly supported nonzero functions g, ..., g, € £2(V) such that for

every i € {1,...,k}, we have

Rp(g:) < O(k") max RL(f;).

1<j<k

Lemma 2.13. Given any nonzero function g € £2(V), there is a subset S of

its support such that ¢(S) < v/2R.(g).
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Lemma

Lemma 2.8

Lemma 2.9

Lemma

N

Lemma 2.6

Lemma [2.11

e

Lemma 2.12]

N

Lemma 2.13

e

Theorem 2.5

Fig. 2.1: Proof sketch of Theorem
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2.3.2 Proofs of the lemmas

Proof of Lemma[2.6. Let u,v € V be arbitrary with F(u) # 0 and F(v) # 0.

Then, we have

|F ()| dist(u,v) = || F(v ”HHFE ng;””
= |z - Fo)
- [Py
< |Feofpat = Fw| +1rw - £l
~ | (Ht 1) )| + 1 - P
= [t = 11l + 1) - Pl

= [[IE@) = I1E @[] + [[F(u) = F(v)]]
< 2[|F(u) = Fo),

where the last inequality follows from the fact that for any w,z € R¥, the
inequality |||w|| — ||z]|| < ||w — z]| holds. O

Proof of Lemma[2.7. Define a linear map U: R¥ — ¢2(V) by
(Uw)(v) = (F(v),w),

for every w € R* and v € V. Observe that the transpose U*: (V) — R¥ of

the linear map U is given by

Utf: (<f17f>7"'7<fk7f>)7

for every f € (*(V). For i € {1,...,k}, let ¢; denote the standard basis
vectors in R¥. Then, for each i, note that UtUe; = U'f; = e;, since the

functions fi,..., fi are orthonormal. This shows that the map U'U is the
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identity operator on R*. Hence, for any unit vector w € R*, we have

> (Fu),w)’ = |Uw|* = (U'Uw,w) = (w,w) = 1.

veV

For each v € V' with F(v) # 0, define

Proof of Lemma[2.8, Let R be a nonempty subset of the unit sphere in R*
with diam(R) < /2 and w be a vector in R. Then, for any v € V(R), we
have ||F(v) — w|| < diam(R). Thus, we obtain

diam(R)? > ||F(v) — w|” = ||F()||" + |[w]® = 2 (F(v), w)
=2-2(F(v),w),

which implies
_ 1
(F(v),w)>1-— §diam(R)2,

and since diam(R) < v/2, we conclude that

—1 2= (F(v),w)’ —lmm 22.
o (P’ = (Fl0) >z(1 La <R>)

As this is true for every v € V(R), we get

S (F(o),w)? > (1—§dmm<R>2) S IFW)E.

veV(R) veV (R)

We arrive at the desired result using the inequality >, .y ) (F'(v), w)? <1,

veV —
which is obtained as a consequence of Lemma [2.7] O

Proof of Lemma[2.9. Set L = ﬁ We tile R¥ with cubes of the form

Hle[niL, n;L + L), where n; is an integer for every . Each of these cubes
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has diameter equal to \/L57k: For every cube C' = [[*_,[n:L,n;L + L), define

its core to be the cube

é_’“ Lo L
—H nlL+8k2,nZ +L—@ .

i=1
Note that the distance between any two points in the cores of two different
cubes is at least QQ,
the core C of a cube C (as above), is shifted by w € R¥, that is, if w =

(w1, ..., wg), then we have

which equals ﬁ. Let C, denote the cube when

L
:H{n’ 8k2+wz,n2L+L—@+wz>.

Let Q = [0, L)* be a probability space equipped with the Borel o-algebra
and the probability measure P defined as follows. For Borel-measurable sub-
sets Iy, ..., I of [0, L), define

P(E, x - x Iy = )X S ol

where m(B) denotes the Borel measure of a subset B of [0, L). Fix any v € V
with F(v) # 0 and let F'(v) = (2z1,...,2). Consider the set A, defined as

follows.
A, ={w e Q: F(v) € C, for some cube C (of the above form)}.

Observe that

z € [mil+ g5 +wi,niL+ L — g5
V1<1i<k,dn; €Z such that }

= < (wy,...,w) € Q
{( ! ) ‘wie( —n;L — L—i—SkQ, —niL—ﬁ

(G b))

n; €L

V1i<i<kdn,€Z h that
A, = (wl,...,wk)eﬂ‘ == 2 A such tha
8k2+wl)
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For every i € {1,...,k}, note that there is a unique integer n; such that
2z —n; L — L —|— 8# lies in [0, L), and there is a unique integer m; such that
z; — m;L — 8k2 belongs to the interval [O L) Also, these are the only cases

when the sets J,, = (zz —rL—L+ L > #
7,1 <i < k, are nonempty. So, we have

:H((( Y L+822, —n;L — 82/21 [0, L))
kU<( A L)),
= [[(n, U Tn)).

— il — g5] N[0,L), for r; €

=

.
—_

Let i € {1,...,k} be arbitrary. If n; = m;, then we get J,,, U J,,, = J,,,, and

L L L
I, Udp,) =2z — ;L — — — 2z L+ L——=L——.
Mg U i) = 2z =il = g =z mil 4 L = g e
On the other hand, if n; # m;, then we obtain J,,, = (zz —n;L— L+ 8k2 , L)
and J,,, = [O, zi —m;L — #} with m; = n; + 1, and the intervals .J,,, and
Jm, are disjoint. Hence, it follows that

L

Thus, in any case, using Bernoulli’s inequality, we have

Note that this is true for every v € V' with F(v) # 0.

Now for each w € Q, let R, = <UC C’w> N S¥=1, where S¥~! denotes the
unit sphere in R*. For every v € V, define random variables X, X,: 2 — R
by

X(w)= > |F@)I?

vEV (Ry)
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and
1F ()] 14, (w) i F(v) #0,

X, (w) =
) 0 if F(v) =0,

for every w € Q. Then, note that X = > _,, X, and thus, we have

veV

EX]=) EX]= ) [F@)I*PA)

veV veEV:F(v)#£0

Now choose a point w € Q2 such that X (w) > k— 1. (The existence of such a
point is guaranteed by the pigeonhole principle (see [Pre20, Proposition 1.13]

for instance.)) Consider those w-shifted cores C,, whose intersection with the

unit sphere is nonempty, and call those intersections Ry, ..., R,,. Then, we
get
- 1
2
Xw) =3 3 IF0IF k-
i=1 veV(R;)

Also, if u € V(R;) and v € V(R;) with i # j, then
dist(u,v) = ||F(u) — F(v)]|,

and since F(u) € R; and F(v) € R;, we have dist(u,v) > ﬁ.
Further, since each R; has diameter at most \/Lsfk’ using Lemma , for

every i € {1,...,m}, we have

1

1\ 2 1 5k 1
E H (U)H —( 10]{7) -1 1L 5k — 1 +5k—1_ +4/€
veV(R;) ok
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Therefore, the subsets T; .= V(R;), fori € {1,...,m}, serve our purpose. [

Proof of Lemma[2.10. Consider subsets Ti,...,T,, of V as guaranteed by
Lemma 2.9, and keep on merging two subsets whenever each of those subsets
has mass less than 2 7. Run this procedure on new sets as well, till at most
one set having mass less than % is left. Note that we get at least one set
having mass > % at the end of this process, since the above procedure keeps
the total mass unchanged and the total mass is at least %. We enumerate the
subsets with mass > %, left after the procedure is terminated, by Aq,..., A;
for some ¢t > 1.

For every 4, since the mass of the subset T; is not more than 1 + and

4k’
the mass of each of the new sets among Ay, ..., A; is less than 1 (as they are
formed by merging two sets each of mass less than ) the total mass of the

sets is at most % +1 (1 + E)' Now if ¢ is less than k, then we have

1 1 1 1 1 1
ZZHF 5 <k_1)<1+4k})_§+k_ +Z_E /{—Z—L,

=1 veT;

which contradicts Lemma [2.9, and hence, we conclude that ¢ > k. Hence,

the sets Ay, ..., Ay are as required. O

Proof of Lemma [2.11. Let the subsets A;,...,A; of V and a real number
d > 0 be as in the statement of the lemma. For every i € {1,...,t}, define

the smooth indicator function 7; of the subset A; at any v € V' as follows.

0 if dist(v, A;) > 3,

=10, |
— sdist(v, A;) otherwise.

For every i, define a function g; € (*(V) at any v € V by

gi(v) = 7i(v) [|[F(v)]

We now show that the functions gy, ..., g; are disjointly supported. Suppose
that there are indices 7, j and an element v € V such that g;(v) and g;(v) are

nonzero. Then the functions 7; and 7; are also nonzero at v, which implies
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that dist(v, A;) < $ and dist(v, A;) < 3. Hence, there exist elements u; € A;
and u; € A; such that dist(v,u;) < % and dist(v,u;) < $. Now it follows
from the triangle inequality for the pseudo-metric dist that

dist(u;, u;) < dist(u;,v) + dist(v,u;) < g + ==,

and then the hypothesis forces ¢ to be equal to j. Thus, the functions
g1, - - -, gy are disjointly supported.

Moreover, for every i € {1,...,t}, we have
1
(9i:9) = Y @ F)F = Y 7 @) [F@)* =) IF(v) =
veV vEA; vEA;

In particular, each g; is a nonzero function and its Rayleigh quotient is well-
defined.

Now fix an arbitrary element ¢ from the set {1,...,t¢}. For any u,v € V|
we will prove that |g;(v) — gi(u)| < [[F(v) — F(u)|| (14 3). If F(u) or F(v)
is zero, then this inequality holds trivially using the fact that 7;(w) < 1 for
all w € V. Assume now that both F'(u) and F(v) are nonzero. Note that

=7 [[F )] - IIF(U)|||+ IE @) 7i(v) = 7au)]
(@) 7:(v) = 7 ()] -

We claim that |7;(v) — 7(u)| < 2 |dist(v, A;) — dist(u, A;)|. If we have the
inequalities dist(v, A;) > g and dist(u, A;) > g, then clearly the claim holds.
On the other hand, if dist(v, A;) < $ and dist(u, A;) < 3, then observe that

I7:(v) — 73(u)| = '(1 - %dist(v, Ai)> - (1 - %dist(u,Ai)))
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2
=5 |dist(v, A;) — dist(u, A;)] .
Otherwise, if dist(u, 4;) < $ and dist(v, A;) >, then we have
2
|7i(v) — 73 (u)| =1 — —dist(u, A;)

J

< Zdist(v, A;) — %dz’st(u, A;)

|dist(v, A;) — dist(u, A;)],

Oqll\'JOﬂ \}

and similarly, the claim holds if dist(v, A;) < § and dist(u, A;)
ing the triangle inequality for dist, it follows that |7;(v) — 7;(u)|

Hence, for any u,v € V, using Lemma we obtain

19:(v) = gi(w)| < [[F(v) = F(u)]| + % £ () || dist(v,u)

<17 - Fl (1+5)

and thus, the numerator of the Rayleigh quotient of g; is

<ng,gz - 2d Z Ay gz 7,( )) (USiIlg Eq "
u,veV
<(1+3) LS bt - B
- 0] 2d w
u,veV
AN 2
= (1 + 5) kRL(F). (using Eq. (2.3))

This proves that the Rayleigh quotient of g; is

<ng’, gi>

(o) = <1+§)2kRL<F>

Ri(g:) =
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where we have used the fact that 0 lies in the interval (0,1] in the last

inequality. O

Proof of Lemma[2.12, From the proof of Lemma [2.9] and Lemma [2.10, note
that § = W works in the statement of Lemma . Combining this fact
with Lemma [2.10] and Lemma [2.11] we obtain disjointly supported nonzero
functions g1, ..., gx € £*(V) such that the inequality Rz (g;) < O(k")Rp(F)
holds for every i € {1,...,k}. The desired inequality follows from Eq.
and the fact that the average of k£ real numbers is at most as large as their

maximum. [
Proof of Lemma[2.13 Let g: V — R be a nonzero function. We will prove

that there is a real number ¢y € [0, max,cy g(u)?) such that the inequality

o({v € V| g(v)* > to}) < V2R (g)

holds. Tt is enough to prove this, as the set {v € V' | g(v)? > t} is a nonempty
subset of the support of g for every t € [0, max,cy g(u)?).

Let us denote the number max,cy g(u)? by M, and for any t € [0, M),
denote by S; the set {v € V| g(v)? > t}. Note that

M M 9(v)?
/ d1S,] dt:dZ/ 15t(v)dt:d2/ Ldt =d) g(v)*,
0 0 0

veV veV veV

and that

M
/ (T1w\s,51s,) dt
0 M
= ZZ/ auy L, (u)1ys, (v) dt
0

ueV veV
g(u)?
= Z / Qo dt
u,veV g9(v)?
g(v)2<g(u)?
= Y aw(g(w) —g(v)?)

u,veV
9(v)?<g(u)?
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=5 T @ g+ Y o) - gwp)

u,veV u,veV
9(v)*<g(u)® g9(u)?<g(v)®
1
=3 o |g(w)* = g(v)?] (since Guy = Gy, for all u,v € V)
u,veV
1
=3 > awlg(u) = g(v)|[g(u) + g(v)|
u,veV
] 3 3
<3 ( > auwlg(u) - g(v))2> < D auw(g(u) + g(v))2>
u,veV u,veV
(using the Cauchy—Schwarz inequality)
1 3 3
<3 ( > au(g(u) - g(v))2> ( > aw(2g(u)® + 29(1})2))
u,veV u,veV
\/5 2 2
=5 | 2 awlow) —g@)?] (24} 9()*)
u,veV veV

and thus, we have

=

S (s 1s) dt_ (Suvev twlow) = g@)?)"
Jordisiar T (e 0?)!

Now using Lemma (1.3, we conclude that there exists a real number ¢4 €
[0, M) such that the following inequality holds.

<T1V\5to7 15to> < foM <T1V\5t7 1St> dt <

< 2R1(9).
FIEN M ds,| at (9)

Therefore, the subset S;, of the support of the function g satisfies the in-
equality ¢(S;,) < /2RL(g). O
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2.3.3 Proof of Theorem 2.5

Proof of Theorem[2.5. Let fi,..., fx be orthonormal eigenfunctions corre-
sponding to the eigenvalues A1, ..., A, respectively, of the operator L. Then
Lemma [2.12] guarantees the existence of disjointly supported nonzero func-

tions g1, ..., gx € £2(V) such that for every i € {1,...,k}, we have

Ri(g;) < O(k") max Ry (f;).

1<5i<k

For every j € {1,...,k}, note that R.(f;) = \;, and therefore, the Rayleigh
quotient of each g; is at most O(k")\z. Now applying Lemma to every
nonzero function g;, we get a nonempty subset S; of its support such that
d(S;) < /2R (g:) < O(k*5)v/Ag. Hence, we have nonempty disjoint subsets
Si,...,85, of V such that

max ¢(S;) < O(k**)/ A

1<i<k

Now the desired inequality follows from the above inequality and the very

definition of the k-way expansion constant of T'. O]



3. THE DUAL CHEEGER-BUSER
INEQUALITY FOR GRAPHONS

Lovéasz and his collaborators [LS06, BCL™06, BCL™08] developed the theory
of graph limits, through both algebraic and analytic perspectives. They
studied graphons and graphings, which arise as limits of convergent sequences
of graphs and bounded degree graphs, respectively. Several results regarding
graphons and graphings are discussed quite extensively in the book by Lovasz
[Lov12|. The theory of graph limits has found lots of connections with many
other branches of mathematics, including extremal graph theory, probability
theory, higher-order Fourier analysis, ergodic theory, number theory, group
theory, representation theory, category theory, the limit theory of metric
spaces, and numerous applications in other subjects like computer science,
network theory and statistical physics.

Various notions in the context of graphs have been extended to graph
limits, for instance, homomorphism densities [LS06|, Szemerédi’s regularity
lemma |LS07], independent sets, cliques, and colorings [HR20|, and tilings
[HHP21]. Khetan and Mj [KM24] established the analogs of the discrete
Cheeger—Buser inequality for graphs in the case of graphons and graphings.
Given a connected graphon W, having Cheeger constant hy, and the bottom

of the spectrum of its Laplacian Ay, they proved that
h2
?W < Aw < 2hy.

They also showed that the Cheeger—Buser inequality for regular graphs can
be recovered from this inequality for graphons.

In this chapter, we introduce the notion of bipartiteness ratio in the con-
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text of graphons. Also, we establish the dual Cheeger—Buser inequality for
graphons, which relates the gap between 2 and the top of the spectrum of
the Laplacian of a graphon with its bipartiteness ratio. We have discussed
the dual Cheeger—Buser inequality for graphs in Chapter [I, Our result is its
analog for graphons. We prove the following result obtained in the preprint
[Pok25].

Theorem 3.1 (The dual Cheeger-Buser inequality for graphons). Let W be
a connected graphon, By denote its bipartiteness ratio and A\ denote the

top of the spectrum of its Laplacian. Then the following inequality holds.

/B‘Q/V max
7§2—/\W < 2Bw.

3.1 Preliminaries

In the following, by a measurable subset, we mean a Lebesgue measurable
subset, and we denote the Lebesgue measure on I = [0, 1] by py.

A funcion W: I? — I is called a graphon if W is a Lebesgue measurable
function which is symmetric, that is, W (z,y) = W(y,z) for all (z,y) € I
We say that a graphon W is connected if [ aseae W > 0 for every measurable
subset A of I with 0 < pr(A) < 1.

Let W be a connected graphon. For every measurable subset A of I and
S of I?, define

v(A) = W(z,y)dedy, and n(S) ::/SW(x,y) dz dy.

AxI

Then v and 7 are measures on I and 12, respectively. Note that the R-vector

space L*(I,v) is a Hilbert space with the inner product (-, ), , given by

(f.9), = g f(x)g(z)W (z,y) dy dx,

for all f,g € L*(I,v). We denote the restriction of the measure 7 to the
measurable subsets of the set £ = {(x,y) € I? : y > x} also by 7, and
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denote the inner product on the R-Hilbert space L*(E,n) by (-,-),, which is

given by
1 1
Zl/nl/ﬁJKx,ykﬂx,yﬂWTx,y)dydx,
0 x

for all f,g € L*(E,n). The norms induced by the inner products (-,-), and
(-,-), are denoted by |[-||, and [-||,, respectively.

Given any function f € L*(I,v), define df(x,y) = f(y) — f(z), for
all (z,y) € I?. Then it is proved in [KM24, Lemma 3.3] that the map
d: L*(I,v) — L*(E,n) which maps f € L*(I,v) to the function df|gp €
L?*(E,n) is a bounded linear operator. Let d*: L*(E,n) — L*(I,v) denote the
adjoint of the operator d, and define the Laplacian Ay of W by Ay = d*d,
which is a bounded linear operator on the space L*(I,v).

Given a graphon W, for all x € I, the degree of x is defined by

—1me®

If W is a connected graphon, then n(1?) = [, ; dw(x) dw is positive, and thus,
dy is positive pr-a.e. In that case, for every [ € LQ(I, v) and x € [ with
dw(x) # 0, it is shown in [KM24] Section 3.2] that

1

(Aw f)(z) = f(z) — (Tw f)(x),

where the linear operator Ty : L?(I,v) — L*(I,v) is defined by
(Tw f)(x / W(z,y)f

For the sake of brevity, we will write Ay =1 — ﬁTw, where I denotes the

identity operator on L?(I,v), by abuse of notation.

Definition 3.2 (Top of the spectrum). Given a conncted graphon W, the
top of the spectrum of its Laplacian Ay, denoted by Ay, is defined by
\max . <AWf7 f>q}
W T ——

= sup
rer2ngor (o f)y
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Note that de“2
A = sup —,
rerzanoy 1£11;
and it follows from the proof of [KM24] Lemma 3.3] that A\}** < 4. In fact,
this bound improves to 2, similar to that in the case of graphs, as shown in

the following lemma.

Lemma 3.3. For any f € L%*(I,v), the inequality ||df||, < v/2|f]l, holds,

and consequently, we have A\j* < 2.

Proof. Let f € L*(I,v) be arbitrary. Then we have

df |2 = /E ()W = / [ ) = 5@ W) dyd.

Using the fact that the graphon W is symmetric, it follows that

/ / Wi(z,y dydx—/ / y))*W (y, 2) do dy
- / / (Flx) = F())2W (2, ) da dy
- [ tarpw

where E' := {(z,y) € I? : y < z}. Now, as the function df is identically zero

on the diagonal of I?, observe that

JLarew = [appw e+ [ =2par2.

Hence, we get

iz =3 [ [ 0 - rwpwie aray
S%/()l/olf(x)Q (z,y)dedy + = //f W(z,y)dxdy

n / / @)1/ ()| W (2, y) de dy,
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that is,

ldf 12 = 112 + / / @)1 F@)| Wz, y) da dy.

Now since the function f lies in L?(I,v), the functions

(z,y) = [f(@)[VW(z,y) and (z,y) = |f(y)lVW(z,y),

defined on I?, are in L?*(I?). Then the Cauchy—Schwarz inequality implies
that

[ [ @iswime.paray

g(/;/;f@:)? :cydxdy) <//f xydxdy)%

2
= If1

from which we conclude that [|df|> < 2/ f|I>. O

3.2 Bipartiteness ratio of graphons

Given any graph with vertex set V', a nonempty subset S of V' and a bi-
partition {L, R} of S, Trevisan considered the ratio of the number of edges
incident on S which “fail to be cut” by the partition {L, R} to the total
number of edges incident on S, and defined the bipartiteness ratio of the
graph to be the minimum of such ratios over all nonempty subsets and their
partitions. We refer to Section for the precise definition. We extend this

definition to graphons.

Definition 3.4 (Bipartiteness ratio). The bipartiteness ratio of a connected
graphon W, denoted by By, is defined by

= inf L
BW L}ggl BW( 7R)7
measurable
wr (LUR)>0

LNR=0
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where for every measurable disjoint subsets L and R of I with pu,(LUR) > 0,

we have

2n(L x L) +2n(R x R) +n((LU R) x (LU R)°)

Pw(L, R) = 2m(LUR) x I)

Since the graphon W is connected, the above quantity is well-defined.

We will write A}, Bw and Sy (L, R) as A™**, 5(L, R) and 3, respectively,
when there is no room for confusion.

Khetan and Mj [KM24, Lemma 3.2] proved that the Cheeger constant
of any connected graphon is bounded above by %, using the strong mixing
property of the doubling map. We follow the same arguments to prove that
the bipartiteness ratio of connected graphons is also bounded above by %

For the sake of completeness we define the notion of strong mixing and

state its characterization that we will use here.

Definition 3.5 (Strong mixing). Let (2,4, 1) be a measure space. A mea-
surable function T': Q — € is called strong mizing if it is a measure pre-
serving transformation, that is, u(A) = u(T-'(A)) for all A € A, and for all
measurable subsets A, B € A, the function T satisfies

lim u(T~"(4) N B) = p(A)u(B).

n—00

It is well known that the doubling map S: I — I, defined by

2x if

IN

1
S(z) = 2’
L,

20 —1 if r <

0<zx
1
2
is strong mixing. Then it follows that the function T': I? — I?, defined by
T = S x S, is also strong mixing. Here I and I? are endowed with the

Lebesgue measure.

Lemma 3.6 (Strong mixing property). Let (€2, .4, 1) be a measure space.

Then a measure preserving transformation 7': 2 — (2 is strong mixing if and
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only if for all f, g € L*(u1), we have

lim (foT”)gduz/Qfdu/ﬂgdw

n—oo 0
We denote the characteristic function of a set A by 14.
Lemma 3.7. For every connected graphon W, the inequality By < % holds.

Proof. Let S denote the doubling map on I, as defined above, T" denote the

map S x S, and 1, denote the Lebesgue measure on I2. Set L = [0, %] and

R = (%, 1]. Using the strong mixing property for T', we get

: n _ _ n(?)
lim (leLOT )deL = lrxrdnr Wdng | = )
n—oo I2 12 12 4

. ]2
lim [ (IpxpoT™)W dn = (/ lrxr d77L> (/ de) -2 )’
n—00 Jr2 I2 12 4

lim (Lizuryx(Lurye © T")W dng = 0, (since the set (L U R)¢ is empty)

n—oo 12

and

n—oo

lim (]-(LUR)XI o Tn)W dT]L = (/ 1(LUR)><IdnL> (/ Wd,r]L) = 77(‘[2)
12 12 12

For every n > 1, let L,, and R,, denote the measurable subsets S™"(L) and
S™™(R) of I, respectively. Since L and R are disjoint, so are the sets L,
and R, for all n. Also, the fact that S is measure preserving ensures that
pr (L, UR,) > 0. Observe that

BW(Lm Rn)

2n(Ly, X Ly) 4+ 2n(R, x R,) +n((L, U Ry,) x (L, U R,)°)
- 2((L, U Ry) x 1)
2 [l Wdng + 2 [ Lr,xr, W dnz + [ L,0r) % (La0R)e W di
B 2 [ L n,urn) W dng '
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Taking limit as n tends to oo in the above, and using the fact that

LaxpoT" = Ip-n(axB) = ls-—n(a)xs-—n(B),

for all n > 1 and subsets A, B of I, it follows that

77;) + 77(£2) _
n—00 (

1
I?) 2
Now since for all n, we have Sy < fw (Ly, R,), it follows that gy < % O

Remark 3.8. In fact, the bound in the above lemma is sharp as can be seen
from the following example. If W is a nonzero constant graphon, then for

any disjoint measurable subsets L and R of I with py(L U R) > 0, we have

2n(L x L) +2n(R x R) +n((LU R) x (LU R)°)

Pw(L,R) = m((LUR) x 1)
_ 2pp(L)? 4 20 (R)? + (pr (L) + po(R) (X — (po(L) + pr(R)))
2(pr(L) + pr(R))

L 2up(L) + 200 (R)° = (ue(L) + pn(R))*
2 2(pr(L) + p(R))

_ 1 (L) = pe(R)”
2 2(ur(L )+ML( )

1

and hence, using Lemma [3.7, we conclude that the bipartiteness ratio of W

is equal to %

3.3 The dual Cheeger—Buser inequality for
graphons

3.3.1 The dual Buser inequality

Here we establish an upper bound for 2—\™**| by obtaining a characterization

of £ in terms of functions taking values in {—1,0, 1}, extending Trevisan’s
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idea to graphons.

Lemma 3.9. For every connected graphon W, the inequality 2 — \™** < 23
holds.

Proof. Note that

9 _ \max
., llf
serzanioy IIfII;
-9 _ sup fol fol ))zw(x y) dz dy
FeL2(Ip)\{0} 2f0 fo 2W (z,y)dz dy
_ inf 9 _ fo fo ))QW(x y)dz dy
FEL2(Iw)\{0} 2[0 fo 2T/V (z,y)dx dy
I 4 [ fla)W(z,y)dedy — [(f(z) — f(y)*W(z,y) dzdy
feL2(1,v)\{0} 2 [ f(2)*W (2 y) dz dy '

The numerator in the above expression is

o[ [ s@rwarar= [ [ 6w - e pardy
:3/01/01f(:p)2 (2, y) de dy — //f Wz, y) de dy

w2 [ [ rosewidra
=2 [ [ rorwearasse [ [ 0wy s
:/Ol/olf(xf xydmdy—i—//f W (z,y) dz dy

w2 [ [ rosewidra
-/ 1 / (@) + @)W (e, ) didy,
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Therefore, it follows that

)\max o 1nf fOl f(]l )) W(ZE‘ y) dl’ dy

9_ —
FeL2(1v)\{0} 2f0 fo 2I/V (z,y)dzdy

(3.1)

In order to show that 2 — A\™* < 23, we now proceed to obtain an expression
for 8 in terms of functions defined on 1.

Given any disjoint measurable subsets L and R of I with pu,(LUR) > 0,
define a function f: I — {—1,0,1} for every = € I as follows.

-1 ifxel,
flx) =141 ifreR,
0 ifa¢ LUR.

Then f is a nonzero function in L?(7,v), and we have

) = Jo Jo (€ f()*W (z,y) dxdy'

L R
B 4f0 fo 2I/V (x,y)dzdy

(3.2)

To see this, using the definition of the function f, observe that

/1/1(f(~””) + f()*W (x,y) dz dy
/LUR /LuR ()W (z,y) dz dy
/LUR/(LUR)c(f( ) + f())*W (2, y) dz dy

f(a) + f(y))*W (2, y) dzdy + 2n((L U R) x (LU R)")

(f(x) + f(y)* W (2, y) dzdy +/L/R(f(33) + ()W (z,y)dzdy
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w [ [ srwe sy s [ @)+ )W dry

+2n((LUR) x (LU R)°)
—4n(L x L)+ 4n(R x R) + 2n((L U R) x (L U R)®),

and we also have

/ / flz) W(z,y)dxdy

/ /f mydxdy—i—/ /f W(z,y)dxdy
LUR LUR)e

/ /W z,y)dzdy

LUR

(LUR) x I).

On the other hand, given a nonzero function f: I — {—1,0,1} in L?(I,v),
the sets L = f~!(—1) and R = f~!(1) are disjoint measurable subsets of I
with (L U R) > 0 such that Eq. (3.2)) holds. Hence, we conclude that

Jo Jy (F@) + F@)*W (. y) dz dy.

1
f+ I—-{-1,0,1} 4 2W dxrd
FEL2(Iv)\{0} fo fo (x,y) dwdy

Bw =

(3.3)

Now combine Eq. (3.1)) and Eq. (3.3)) to get the inequality 2 —A\™** < 25. [

3.3.2 The dual Cheeger inequality

We obtain a lower bound on 2 — A™** with the help of some lemmas. The
following lemma allows us to work with just essentially bounded functions
instead of all L? functions while dealing with A™®%. It is inspired from the

analogous lemma in the work of Khetan and Mj [KM24, Lemma 5.4].

Lemma 3.10. Given a connected graphon W, we have

d 2
U i

rer=monoy || f]12
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and consequently, the equality

) g _ TSN @) + F)2W () da dy
ser=(Lo\oy 2 [ [ f ()2 W (z,y) dz dy

holds.

Proof. Since the measure space [ is v-finite, it is clear from the inclusion
L>(I,v) C L*(I,v) that A™™ is an upper bound of the set

L
{nfni et NO}}'

Let € > 0 be arbitrary. It is enough to show, for the first part, that there is
a function g € L>(1,v) \ {0} such that the inequality

2
dgllc

Amax _ o - -
g1l

holds. The definition of \™** guarantees the existence of a function f &
L*(I,v) \ {0} with
d 2
)\max _ E < H f”e

2 Iflle
So, we are done once we find g € L>(I,v) \ {0} satisfying

lafllz _ lidgll? _ e
I gl ~ 2

If the function df is zero, then (3.4) holds by taking g to be the constant
function 1. Suppose df is nonzero, and define M = min{||f|, . |ldf].},

(3.4)

which is a positive real number. As the space L>(I,v) is dense in L*(I,v),

there exists a function ¢ € L°(/,v) such that |g— f|, < &M, where

¢ = min {L (va-1)

V27 16(v/241) } Then, we get the inequality

A=) A, < Wf I, =M < gll, <[Ifll, +&M <A+ fll, - (35)
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This ensures that g is a nonzero function. Using Lemma [3.3] since we have
ld(g = )l < V2e'M < V2|l df .,

it follows that
(1 =2 ||df [, < lldgll, < (1+V2<) |ldf]l. - (3.6)
Using and the fact that ¢’ < 1, we get
I gl = (L =) 11l (3.7)
and combining , and Lemma gives us that
112 Il = lldgliZ A1 < (L +€)? = (L= V2D I lafls . (3.8)

Now using (3.7), (B8 and the fact that ||df|> < 2||f|]” along with the
definition of &', we arrive at the desired inequality (3.4)).

In order to prove the second part, repeat the arguments used to obtain
Eq. (3.1) by replacing L*(I,v) with L>(I,v). ]

In the following lemma, we estimate the integrals of certain “suitable”
functions so that those estimates combined with Lemma [1.3| give an upper
bound for 8 in terms of A™**. This follows ideas in Trevisan’s proof (see
[Trel2, Section 3.2] and [Trel7, Chapter 6]) of the dual Cheeger inequality
for graphs.

Lemma 3.11. Let f be an arbitrary element of L*(I,v). For every t > 0,
let L; and R; denote the sets f~((—oo, —t]) and f~!([t,o0)), respectively.
Then the following inequalities hold.

/OO 2t [2n(Ly x Ly) + 2n(Re X Ry) +n((Le U Ry) % (L U Ry)€)] dt

2

2 (1) + £ ) dy); ([ @rwea ),
(3.9)

IN
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and

/Oo 2t [2n((Ls U Ry) x I)]dt = 2/0 /0 f(x)*W(z,y) dr dy. (3.10)

0

Proof. Using the Fubini-Tonelli theorem, note that
/ 2t [20(Le % L) + 20(Ru x Ry) +n((Ls U Ry) x (L, U R,)®) dt
0
= / 2t {/ (2 1piwr, + 2 Lroxr, + Lniorox (Leorne) W(z,y) dz dy] dt
0 2

= / </ Qt(2 : 1Lt x Ly (ZE, y) +2- ]‘RtXRt(x? y)]‘(LtURt)X(LtURt)C (CL’, y)) dt)
12 0
W(z,y)dzdy.

Define the sets

Ar={(z,y) e I*:0< f(z) < f(y)},
Ay ={(z,y) € I’: 0 < fly) < f(=)},
As = {(z,y) € I’ : f(z) < f(y) <0},
Ay ={(z,y) € I*: fy) < f(x) <0},
As = {(z,y) € I*: f(2)f(y) <O, |f ()] < |f(2)]}.

Now given any (z,y) € I?, observe that

1 if (x,y) € Az and t € (0, —f(y)],
Ip,xn, (@) =41 if (v,y) € Ay and t € (0, — f(z)],
0 otherwise,
and
1 if (z,y) € Ay and t € (0, f(z)],
Lr,xr, (7,y) = 1 if (x,y) € Ay and t € (0, f(y)],

0 otherwise,
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and that

1 if (z,y) € Ay and t € (f(y), f(z)],
1 if (z,y) € Az and t € (—f(y), —f(x)],
1 if (w,y) € As and t € (|f(y)|, [ f(2)]],

0 otherwise.

1(LtURt)X(LtURt)C ($7 y) =

Thus, we get

/01 /01 UOOO 2t (2 1LtXLt(x,y))dt} W(z,y)dzdy
:/A </Of<y> 4tdt> W(z,y) dxdy+/A (/Dfu) 4tdt> W (z,y) de dy

— [ 2P W dedy+ [ 27@PW (wy) drdy
As Ay

and

/01 /01 [/OOO 2t(2- 1Rtht($ay))dt} W(z,y)dzdy
)

fz f)
= / (/ 4t dt) W(z,y)dzdy +/ (/ 4t dt) W(z,y)dzdy
Al 0 AQ 0

— [ 2f@pW ) dedy+ [ 25PW(wy)drdy
Ay Az

and

1 1 oo
/ / / 2t (L(L,ur)x (Lur)= (T, Y)) dt} W(z,y)dzdy
o Jo LJo
f(x) —f(z)
:/ / 2tdt W(x,y)dxdy—i—/ / 2tdt | W(z,y)dzdy
Ax \/f(v) As \/-f)
[f (@)
+/ / 2tdt | W(z,y)dzdy
As [f ()]

- / (F(2)? — f))W (2, y) dzdy + / (F@)? — f@))W (z,y) dz dy

Az
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+ / (f(@)? — f)?)W (z,y) dz dy.

Therefore, we finally have
/Oo 2t [2n(Ly x Ly) +2n(Re x Ry) +n((Le U Ry) X (L U Ry)€)] dt
0
= [ 2w drdy+ [ (1P + 0P drdy

" / (@) + F ()W () dady + / 2f ()W (z,y) da dy
As Ay

" / (F(2)? — f))W (2. y) dz dy,
As

which is finite, as the function f lies in L*(I,v). Now since each of the above
integrands is less than or equal to |f(x) + f(y)| (|f(2)] + |f(w))W (z,y), it
follows that

/Oo 2t [2n(Ly X Ly) + 2n(Ry x Ry) +1((Ly U Ry) x (Ly U Ry)®)] dt

< 1 / (@) + £ (@) + L F@)DW (e, y) de dy

1
2

<([ [ v+ swrwisase)

([ [ i iy aa)

(using the Cauchy—Schwarz inequality in L*(1?))

1
2

<([ [ v+ swrwis )

( / 1 / (@f (@) + 20 (P)W (x.y) d dy)é

(for real numbers a, b, (Ja| + |b|)? < 2a* + 2b%)

=

“o( [+ Wi dear)” ([ s para)
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Similar calculations give us

/Oo 2t (20((Le U RY) x I)) dt

1 1 00
=/ / (/ 4t - Lir,ur (2, y) dt) W(z,y)dzdy
0o Jo 0
1 rl £ ()]
:// / atdt | W(z,y)dx dy
0o Jo 0

=] 1 / ()W (2, y) da dy,

as desired. O

Note that the measures p; and v on I are absolutely continuous with
respect to each other, and hence we have L>(I, ur) = L*>°(1,v). Henceforth,
we will denote these spaces by L*(I). Also, observe that if f lies in L*>°([),
then its essential suprema with respect to both the measures are the same.
We denote them by || f]| ..

Proof of Theorem[3.1. We have already proved one of the inequalities in
Lemma [3.9. For the other inequality, thanks to Lemma [3.10] it suffices
to show that for every nonzero function f € L>(I), there exist disjoint mea-
surable subsets L and R of I with pu,(L U R) > 0 such that the following
inequality holds.

Jo [y U@) + F0)*W () dxdy>5_
Jo Jy £G)W () da dy

Let f be any nonzero function in L*°(I). For every t € (0, f||,,), the
sets Ly and Ry, as defined in Lemma [3.11] are disjoint measurable subsets of
I with pur,(Le U Ry) > 0. Also, for t > || f|| ., the sets L; and R, have measure

zero. This implies that

/OO 2t [2n(Le x Ly) + 2n(Re < Ry) + n((Le U Ry) x (L U Ry)€)] dt
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[1f1 oo
= / 2t [277(Lt X Lt) + 2')7(Rt X Rt) + n((Lt U Rt> X (Lt U Rt>c)] dt
0
and that

0 Il £1 oo
/ 2t [2n((Ly U Ry) x I)] dt = / 2 [20((L, U Ry) x )] dt.

where the integrand 4tn((L; U R;) x I) is positive for every t € (0, || f]l..)-

Hence, using Lemma |3.11], we arrive at the inequality

JWloe 9t [2(Ly x Ly) + 20(Ry % Ry) +1((L, U Ry) x (L, U R)%)] dt
OHfHoo 2t [2n((L; U Rt) x I)]dt

2 (fo1 fol(f(l‘) + f(y)*W (z,y) dx dy) (fo fo W(z,y)dx dy)%
B 2f0 fo x)2W (z,y)dzdy
= (fol fol f)*W(z,y) dxdy)Q‘
fo fo x)2W(x,y)drdy

Now Lemma [1.3| guarantees that there is a ¢ty € (0, || f||,) such that

PP @) + £ )W () da dy>é
fol fol f(x)2W(x, ?J) dz dy ’

which completes the proof. n

B(Liy, Ryy) < (

3.4 Bipartite graphons

Khetan and Mj [KM24] Section 7.3] gave necessary and sufficient conditions
for a graphon to be conncted, under some suitable hypothesis. In this section,
we characterize bipartite graphons in terms of the top of the spectrum of
their Laplacians and their bipartiteness ratios, under the same hypothesis.

We start by recalling the definition of bipartite graphons.

Definition 3.12 (Bipartite graphon). A graphon W is said to be bipartite
if there exist disjoint measurable subsets L and R of I such that LUR =1
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and W is zero almost everywhere on L x L and R x R (with respect to the

Lebesgue measure on [?).

We will use [KM24, Lemma 7.11] which states that if W is a connected
graphon and the function dy is bounded below by a positive real number,

then the operator ﬁTW: L3(I,v) — L*(I,v) is compact.

Lemma 3.13. Let W be a connected graphon such that dy, is bounded below
by a positive real number. Then A\j}** is an eigenvalue of the Laplacian Ay,

of W.

Proof. Since the Laplacian of W is a self-adjoint bounded linear operator on
the Hilbert space L?*(I,v), its top of the spectrum AJ#* is its approximate
eigenvalue, using [Lim96, Theorem 27.5(a)]. Then 1 — A} is an approximate
eigenvalue of the operator I — Ay =1 — (I — ﬁTW = ﬁTw. Note that
#TW is a compact operator by [KM24, Lemma 7.11]. We know that every
nonzero approximate eigenvalue of a compact operator on a Hilbert space is
its eigenvalue (see [Lim96, Lemma 28.4(a)| for instance). Hence, in our case,
1 — A is an eigenvalue of ﬁTW. Then it follows that Aj}** is an eigenvalue
of Ayy. O

The following lemma characterizes bipartite graphons.

Lemma 3.14. Let W be a connected graphon such that dy is bounded below

by a positive real number. Then the following statements are equivalent.
1. Bw = 0.
2. A\ =2
3. The graphon W is bipartite.

Proof. The implication (1) = (2) follows from the dual Buser inequality
(Lemma[3.9), and the implication (3) = (1) is a direct consequence of the
definitions of By and bipartite graphons. Now we prove that (2) = (3).
Suppose that Ajj** = 2. Then Lemma [3.13| ensures that 2 is an eigenvalue
of Ay. Let f € L*(I,v) be its corresponding eigenfunction. Then the
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arguments similar to those used to prove Eq. (3.1)) yield the equation

Ji2(f (@) + £ ()W (x,y)dzdy _
2[12 f(x)2W (z,y)dxdy ’

and hence,

[ 0@+ 1) W) dedy =0, (.11)

Denote the sets f~!(—o00,0) and f~!(0,00) by L and R, respectively. Then

Eq. (3.11]) gives that
/ (f(x) + f()*W (2,y) dzdy = 0.
(LUR)x (LUR)®

For any (z,y) € (LUR) x (LUR)¢, since we have (f(z)+ f(y))? = f(z)* > 0,
it follows that W is zero almost everywhere on (LU R) x (LU R)¢. Now since
W is connected, this implies that the Lebesgue measure of either L U R or
its complement is zero. But the fact that the function f is nonzero forces
(LU R)® to have measure zero. Let L’ denote the set LU (LU R)¢. Note that
L' and R are disjoint measurable subsets of I, and their union is I. We are

done once we show that W is zero almost everywhere on L’ x L' and R x R.

It follows from Eq. (3.11)) that
| (5@)+ £ W) dedy =0,
LxL

and

[ )+ 10w asay=o

For all (z,y) € L x L, the quantity (f(z) + f(y))? is positive, and therefore,
W is zero almost everywhere on L x L, and hence also on L' x L', as (LU R)“

has measure zero. Similarly, it follows that W is zero almost everywhere on
R x R. ]
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3.5 Graphs and the associated graphons

Let V denote the set {1,...,n} withn > 2, and w: VxV — I be a symmetric
function, that is, w(i,j) = w(yj,4) for all i, € V. The pair G = (V,w) is
called a weighted graph. We will denote w(i, j) by w;;, for all 4, j € V. The
weighted graph G is said to be loopless if w; = 0 for all @ € V. For any
subsets A, B of V', define

5w,
i€A,jEB
In the following, we always assume that G is connected, which means that for
any nonempty proper subset A of V., eq(A, A°) is positive. For any i € V|
the volume of i is defined by vol(i) = ., w;;. Note that vol(i) is positive
for all 4, since the graph G is connected.
Let /2(V) denote the Hilbert space of all functions from V to R, equipped

with the inner product

(fi. f2) = fuli) fald)

eV

for every fi, fo € *(V). The Laplacian Ag: *(V) — 2(V) of the weighted
graph G is a linear operator defined by

(Agg)(i) = g(i) -

ww
\/VOI Z \/VO]

for every g € £2(V) and i € V. Tt is a self-adjoint operator, since the function
w is symmetric. Then the largest eigenvalue AEZ** of the Laplacian A is given
by

) . M _ wp <AG(\/59),\/59>
ger2(V)\{0} (9,9) ge2(V)\{0} <\/59, \/59>

where v/D is an invertible operator on ¢2(V) defined by

)\max

vol(i)h(i),
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for all h € £2(V) and i € V. Tt is easy to check that

max Zi,jEV(g(i) - g(]))szy
)‘G = sup 5 g )
ge(V)\{0} > ijev 9(1)2wi;

The bipartiteness ratio g of the weighted graph G is defined as follows.

. 2eq(A,A)+2eq(B,B)+eq(AU B, (AU B)°)
bo = min, 2ec(AUB,V) ‘
AUB#D
ANB=0
Now given a weighted graph G = (V, w), it can be viewed as the graphon,
called the associated graphon W of GG, defined as below. For each 1 <1 < n,
denote the interval [%, %) by P;, and ["T_l, 1] by P,. Note that {P;x P; : 1 <
i,j < n} forms a partition of I?. For any 1 <i,j <n and (z,y) € P, x P;,
define Wg(z,y) = w;;.
We will show that the connectedness of G implies the connectedness of
We, so that we can talk about the Laplacian and the bipartiteness ratio of

We.

Lemma 3.15. If G = (V,w) is a connected weighted graph, then the asso-

ciated graphon Wg of G is also connected.

Proof. Let A be a measurable subset of I with 0 < puz(A) < 1. Then the

sets
Si={ieV :iu(ANP)>0} and Sy={jeV:u(A°NPFP;) >0}

are nonempty, and the inclusions S{ C S, and S§ C S; hold. Further, observe
that

AxAc Z (AI"IPZ')X(ACQPJ') Z (Aﬁpi)X(AcﬁPj) !

i,jeEV 1€51,J€S2
= > p(ANP)uL(A° N Py
1€51,J€S2

> maeq(S1, Sa),
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where my = min{p, (AN P)ur(A°NF;) : i € 51,7 € S} > 0. Now if
both S; and S, are equal to V', then we have eg (S, 52) > eq({1},{1}¢) > 0
as the graph G is connected. Otherwise, if S; or S5 is not V, then we get
eq(S1,52) > eq(S1,55) > 0 or eq(S1,52) > eq(SS,S2) > 0, respectively.
Thus, in any case, maeq(S1,52) and hence f axae W is positive, showing

that the associated graphon Wy is connected. O]

3.5.1 Top of the spectrum of graphs and the

associated graphons

The arguments in the following lemma are similar to that in [KM24, Section
4.2].

Lemma 3.16. Given any loopless, connected weighted graph G = (V,w),

we have \#* — \Ijax,

Proof. Let g: V' — R be any nonzero function. It gives rise to a nonzero
function ¢’ € L*>°(I), defined for any = € P; with 1 <14 <mn, by ¢'(x) = g(i),
that satisfies

\max > fo fo )) We(z,y) de dy
e 2]0 fo 2VVG (z,y)dzdy
_ 2 ijev fPixPj (¢'(x) = ¢'(y))*We(v,y) dv dy
2> jev fpixpj 9'(x)*We(z,y)dr dy
_ Zi,jev(g(i) — g(7))*wi;
a 2 Zi,jev g(i)Qwij '

Hence, we get the inequality Aj™* > AG™.
On the other hand, given a nonzero function f € L*>(I), define the func-
tion F: V. — Rby F(i) = [, f P, x)dx, for every i € V. Then the definition

of A\Z* gives the mequahty

— Z ’w” < )\max Z F wij7

zJGV i,jEV
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that is,
Z F(i)*wi; — Z F()F(j)wi; < AG™ Z F(i)*wi,
ijev ijev ijev
and hence, we have
=Y F)F(w; < (Ag™ —1) Y F(i)wy. (3.12)

i,jEV i,jeEV
Now note that

Z F()F(j)wy = </ f(x ) (/P f(y) dy) wij

1,jEV i,jEV

- Z /P b f(@)fy)Wea(z,y)dz dy

1,jEV

/ / f(@) f(y)Weal(z,y) dedy,

and that

(using the Cauchy—Schwarz inequality)

-E () o)~

= Z/P N f(x)*We(z,y) dr dy

1,7EV

— /01 /Olf(x)QWG(x,y) dz dy.

Thus, using the fact that the largest eigenvalue of the Laplacian of a loopless
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graph is > 1 [Chu97, Lemma 1.7(ii)], (3.12)) becomes

//f Walz,y) dody < (8= — 1 //f W, y) da dy,

which implies

df||? Y)W, dzd
H fHQe =1 fO fO G<x y) x y < <1 4 ()\gax . 1) — )\gaX.
(Al fo fo 2VVG (z,y)dzdy

This proves that A <A™, as desired. [

Remark 3.17. Combining Lemma and Lemma [3.16| with the fact that
a connected graph is bipartite if and only if the largest eigenvalue of its
Laplacian is 2, we conclude that a connected graph is bipartite if and only if

its associated graphon is bipartite.

3.5.2 Bipartiteness ratio of graphs and the associated
graphons

Let G = (V,w) be a connected weighted graph. Recall that V' = {1,...,n}
with n > 2. We now obtain a characterization for the bipartite ratio By, of
the associated graphon W of G in terms of certain elements of I™, analogous
to the notion of the fractional Cheeger constant introduced by Khetan and
Mj [KM24].

For every a = (aq, ..., ), 7 = (71, -,7) € " with 0 < a4+ < 1,
where 0 = (0,...,0),1=(1,...,1) € I", define

E; (a,7) = Ez’,je\/paiaj + 2975 + (i + ) (1 = (a5 + ;) |wg;
G ) — .
23 jevioi +vi)wy

Note that 3, iy (@i +7i)wiz = >, iy (@i +7i)vol(i), which is positive, since
vol(i) > 0 for all 1.
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Lemma 3.18. Given a connected weighted graph G = (V,w), we have

BWG = alrg BG(O‘/}/)' (313)
O<£;7<1

Proof. 1t suffices to prove that the sets
A= {Balo,y):a,y €I 0 <a+v <1},
and
B = {Bw,(L,R) : L, R are disjoint measurable subsets of I, ur (LU R) > 0}

are equal. Let o = (ag,...,a,),7y = (71,-.-,7) be elements of I™ with
0 < a4+~ < 1. Then, observe that the sets

L= d R= . A
U( n’ n ) o ]g( n 'n

eV

are disjoint measurable subsets of I and p,(LUR) > 0, and thus, Sw, (L, R)
lies in the set B. We will show that Sy (L, R) = Bc;(oz,v), so that we can
conclude that Bg(a, ~) also belongs to the set B. For that, note that

2n(L x L) +2n(R x R) +n((LUR) x (LU R))
— 3" 2L P)un(L O Py) + 20 (RO P (RN P)

i,jEV

+ pr((LUR) N P)ur((L U R) N Py)|w;

i i T i 1 —(ay '
[ 5 % N <a +7> ( (7 +%)>] i
n n
z]GV

= ﬁ Z [2a;005 + 27575 + (i + %) (1 = (o + ;) Jwij,
igev

and that

((LUR) x 1) =2 3 (LU R) N P)pus (P

i,j€V
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2 @ + 7
n = n
i,jEV

2
=3 Z (s + i) wij.-

ijEV

Combining the above two equations gives us that Sy, (L, R) = Bg(a, 7v), and
this proves that A is a subset of B. To obtain the other inclusion, start
with disjoint measurable subsets L and R of I with u,(L U R) > 0, and set
a; =np(LNP) and B; = nu (RN P;), for every 4,5 € V. Then the above

calculations show that the elements o = (aq,...,a,),y = (71, ..,7a) of I"
are such that 0 < a+v <1 and By, (L, R) = Ba(a, ), implying that B is
a subset of A. ]

From the arguments similar to that in the proof of Lemma |3.18] and
the fact that eq(A, B) = n*n(J P, x P;), for all subsets A, B of V, it
follows that

i€A,jeB

BG = min BG(O'//Y)' (314)
a,v€{0,1}"
0<a+~v<1

The next lemma, which is similar to [KM24], Lemma 4.1], shows that the
infimum in Eq. (3.13) is attained.

Lemma 3.19. Given any connected weighted graph G = (V, w), there exist
elements o,y of I" with 0 < a + v < 1 such that By, = Bg(a,v).

Proof. If Bw,. = %, then we have Sy, = BG(a,v) fora =~ = (%, c %) el

Now assume that By, # %, that is, Bw, < %, by Lemma . Then,

using Lemma m, given any positive integer k, there exist elements a®*) =

(oz(lk), . ,ozglk)),v(k) = (ka), el T(Lk)) of I" with 0 < a® +7(’“) < 1 such that
3 (o)~ 1
Bwe < Ba(a™ ™) < Bwg + = (3.15)

Since I™ is compact, the sequences (a'®)) and (y*)) have convergent sub-
sequences in I™, which we again denote by (a®) and (y*)), respectively,
abusing the notation. Suppose they converge to a and +, respectively, in

I™. Then for all 7,j € V, the sequences (agk)) and (’yj(-k)) converge to «; and



3.5. GRAPHS AND THE ASSOCIATED GRAPHONS 58

7;, respectively, in I. Consequently, if (1 >)a + v > 0, then the sequence
(Bg(&(’“), ’y(k))> converges to fg(a, ) in R. Then, using Eq. (3.15)), it follows

that Sy, = Ba(ar, ). We now show that the case a +~ = 0 is not possible.
If o + 7y is 0, then there is a positive integer N such that for all £ > N

and j € V, we have ozg»k) —l—’yj(»k) < 0, where § = %—ﬁwg- Hence, for all k > N,

we get
k k k k
> 2010+ 29 o (0 4911 = (o )
i,jEV
k k
> Y (@ + ") (1 = (@ + )y
i,jEV
k k
> (1-0) Y (@ + 3wy,
i,jEV

which implies that Bg(a(k), k) > 1%5, for all £ > N. Combining this with

Eq. (B15) gives

1-6 1 ﬁ 1
o Tat oy Shwetp

equivalently, k < % for all £ > N, which is impossible. n
G

In the following lemma, we compare the bipartiteness ratios of graphs
and the associated graphons, using certain “suitable” random variables. The
analogous result for the Cheeger constants is discussed in [KM24, Lemma

4.4].

Lemma 3.20. For every loopless, connected weighted graph G = (V, w), the
following inequality holds.

iﬁa < Bw, < Ba.

Proof. 1t is clear from Lemma and Eq. (3.14) that By, < Bg. We pro-
ceed to prove the other inequality. Let v = (e, ..., ) and v = (91, ..., )

be elements of I" with 0 < a + v < 1 satisfying fw, = Bg(a,fy). The
existence of such elements is guaranteed by Lemma [3.19]
Let Ly,...,L, and Ry,..., R, be independent random variables on some

probability space (2, A, P) such that P(L;'(1)) = a;, P(L;'(0)) =1 -«

)
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P(R;'(1)) = v, and P(R;'(0)) = 1 —;, for all 1 < i < n. Define random

(]

variables X and Y as follows.

X =Y [2LL; + 2R:R; + (Li + R;)(1 — L; — R;)]wy;,

i,j€V

and

1,j€V

Then, since the graph G is loopless, the expectations of X and Y are

E[X] = oo + 25 + (oa + %) (1 — a; — 75)|wij,
i,jeEV

and
E[Y]|=2 Z (a; + vi)wi;.
ijeV
We will now show that the inequality X (w) > 1Y (w) holds for all w € €.
Let w € Q be arbitrary. Consider the set S = {i € V : L;(w) = R;(w) = 1}.
If S is the empty set, then we get X (w) > BgY (w) from Eq. (3.14)), and we
are done. Suppose that the set S is nonempty. Denote by z = (z1,...,z,)

and y = (y1,...,Yn), the elements of I defined by

0 if7 €5,

r;=Li(w) and vy; =
Ri(w) ifi¢ S,
for all 1 < ¢ < n. Note that z and y are elements of {0,1}", and they
satisfy 0 < x +y < 1. So, thanks to Eq. (3.14)), it suffices to prove that

X(w) > iﬁg(:{;,y)Y(w). Observe that

X(w) = Z (2LiLj + 2R Ry + (Li + R;)(1 — Lj — Ry))(w)wy;
0525
+ Z (2LiLj +2RiR; + (Li + Ri)(1 — L;j — R;))(w)w;
i¢SjeS
+ Z (2L;Lj + 2R R + (Li + Ri)(1 — L;j — R;))(w)w;
i€5,j¢5
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icSjes
= Z (2LiL; + 2R Ry + (Li + R;)(1 — Lj — Ry))(w)w;
03¢5
S SNSRI R )
i¢S,jes i€S.j¢s icS,jes
> > [2wi; + 2yiy; + (2 + vi) (1 — 25 — yj)wys
1,728
1
+ 5 Z QxZwU + Z (21'] +1-— Xy — ’LUZJ Z Zwl]
i¢S,je€S 1€S5,5¢S i€8,j€S
1
> 5 DRy + 2y + (w4 i) (1 — 5 — y)wy,
ijev

and that

w)=2 Y (Li+R)wmw; +2 Y (Li+ Ri)(w)wy

i¢S,jev i€S,jev
=9 Z mz+yzww+2 Z mz—l-ylwu
i¢S,jeV 1€S,jev
<2.2 Z (@i + yi)wi;.
i,jev

Thus, we arrive at the inequality

Bolz,y)Y () 2 156Y ().

»bIH

X(w) =
As this is true for all w € €, it implies that E[X] > 18;E[Y], that is,

ElX] 1
By Bweg > Zﬁc;

using the fact that E[Y] is positive. O

Remark 3.21. Given any loopless, connected weighted graph G, combining
Theorem Lemma and Lemma yields the inequality

g;; <2 — 2\ < 206. (3.16)
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Define the linear operator Tz (V) — ¢2(V)) by (T'f)(i) = >_,cy wij fj. Then
the Laplacian Ag of G is same as the operator L defined in Chapter
Further, let S; denote the set of all nonzero functions from V' to {—1,0, 1},
and S, denote the set

{(A,B)CV xV:ANB=0,AUB # 0}.

Then the function which assigns every function f in &; to the ordered pair
(A,B) in Sy, where A = f~'(—1) and B = f~!(1), is a bijection satisfying

the equation

Dijev Wi (f(0) + £(5)  2eq(A, A) + 2e(B, B) + ec(AU B, (AU B)°)
43y vol() f(i)2 2eq(AUB,V) '

Hence, using the definiton of f¢ and Eq. (1.4)), it follows that S = Sr. So,
(3.16)) is the dual Cheeger—Buser inequality for graphs, up to a multiplicative

constant.
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